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SUNBLAZER RECEIVER P E R F O R W C E  FOR 

A N O I S Y ,  D I S P E R S I V E  CHANNEL 

by 

Robert  S. Pindyck and James L. Mavinos 

ABSTRACT 

The performance of t h e  Sunblazer  phase modulat ion communication 
scheme i s  examined w i t h  r e g a r d  t o  s i g n a l  d e t e c t i o n .  S p e c i f i c a l l y ,  
t h e  optimum performance t n r e s h o l d  i s  de termined ,  and t h e  s t a t i s t i c s  
f o r  t h e  error  p r o b a b i l i t i e s  (PM and PF) are de r ived .  
p r o b a b i l i t y  of error i s  t h e n  c a l c u l a t e d  f o r  t h e  case of an e leven-  
b i t  Barker  Code as a f u n c t i o n  of f o u r  system parameters :  t h e  
a p r i o r i  p r o b a b i l i t y  t h a t  t h e  s i g n a l  i s  p r e s e n t ,  t h e  s i g n a l - t o -  
n o i s e  r a t i o ,  t h e  d i s p e r s i o n  r a t i o ,  and t h e  c o r r e l a t i o n  m i s s  t i m e .  
These r e s u l t s  s n o w  t h a t  when the o p e r a t i n g  c o n d i t i o n s  are poor  
it i s  o f t e r ;  b e t t e r  t o  base  t h e  d e c i s i o n  as t o  t h e  s i g n a l ' s  
p r e s e n c e  on ly  on t h e  a p r i o r i  knowledge, w i thou t  even obse rv ing  
t h e  c o r r e l a t i o n  o u t p u t .  I t  i s  shown how t h e  t h r e s h o l d  cou ld  be 
b e t t e r  s e l e c t e d  i f  t h e  d i s p e r s i o n  r a t i o  and m i s s  t i m e  could  be 
p r e d i c t e d  i n  advance. 

The t o t a l  



I. INTRODUCTION 

The purpose of t h i s  r e p o r t  is t o  examine i n  some d e t a i l  

t h e  performance of a p o s s i b l e  communication scheme f o r  t h e  

Sunb laze r  r a d i o  p ropaga t ion  experiment.  N a t u r a l l y ,  t h e  s u c c e s s  

of any communication scheme i s  dependent on t h e  c h a r a c t e r i s t i c s  

of  t h e  channel  th rough which t h e  s i g n a l  w i l l  p ropagate .  I n  

t h e  case of t h e  so l a r  corona ,  modeling t h e  channel  is d i f f i c u l t  

and depends upon assumptions based on d a t a  of dubious accuracy .  

The phase-modulation scheme chosen some t i m e  ago f o r  Sunb laze r  

and d e s c r i b e d  i n  t h i s  r e p o r t  w a s  dependent  on t h e  assumption 

t h a t  t h e  t i m e  ra te  of  d e n s i t y  f l u c t u a t i o n s  i n  t h e  co rona l  

plasma ( r e s u l t i n g  i n  phase f l u c t u a t i o n s  i n  t h e  s i g n a l )  would 

be s l o w  compared a t  l ea s t  t o  t h e  d u r a t i o n  of t h e  s i g n a l .  More 

r e c e n t  d a t a  has  shown t h a t  t h i s  p robably  w i l l  n o t  be t h e  case, 

so t h a t  t h e  a d v i s a b i l i t y  of us ing  phase-nodula t ion  i s  q u e s t i o n -  

able.  None the le s s ,  i t  i s  s t i l l  very  worthwhile  t o  examine t h i s  

scheme, s i n c e  i n  many ways i t s  behavior  w i l l  be s i m i l a r  t o  

t h a t  o f  a l t e r n a t i v e  schemes. 

W e  shou ld  a t  t h i s  p o i n t  emphasize t h a t  i n  t h i s  r e p o r t  w e  

w i l l  be  i n t e r e s t e d  on ly  i n  one p a r t i c u l a r  a s p e c t  of t h e  c o m -  

munica t ion  problem-namely, d e t e c t i o n  of  t h e  r e c e i v e d  s i g n a l .  

T h i s  i s  of pr imary importance.  The s u c c e s s  of t h e  Sunblazer  

v e n t u r e  depends f i r s t  upon o u r  a b i l i t y  t o  detect t h e  s i g n a l  

w i t h  h i g h  p r o b a b i l i t y .  
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Many of t h e  ideas i n  t h i s  r e p o r t  are based on r e s u l t s  

der ived p r e v i o u s l y  by t h e  a u t h o r s ,  and t h a t  appea r  i n  ear l ier  

r e p o r t s .  I f  t h e  reader i s  i n t e r e s t e d  i n  fo l lowing  t h e  

t h e o r y  developed h e r e ,  w e  sugges t  t h a t  he  f i r s t  read, o r  a t  

l eas t  skim, t h i s  ea r l ie r  work. 

A. R e v i e w  of t h e  Sunb laze r  Communication Problem. 

A primary purpose of t h e  Sunblazer  solar probe i s  t o  make 

measurements of t h e  e l e c t r o n  d e n s i t y  of  t h e  ex tended  so l a r  

corona  ( R e f s .  1, 2 ,  4 ,  5 ) .  T h i s  i s  done by t r a n s m i t t i n g  two 

narrowband s i g n a l s  from t h e  s a t e l l i t e  a t  t w o  d i f f e r e n t  f re-  

quenc ie s .  Each s i g n a l  w i l l  e x p e r i e n c e  a d i f f e r e n t  p ropaga t ion  

d e l a y  through t h e  corona  due t o  t h e  frequency-dependent group 

ve loc i t ies ,  which i n  t u r n  are f u n c t i o n s  of t h e  e l e c t r o n  d e n s i t y .  

The a i m ,  then ,  i s  t o  measure as a c c u r a t e l y  as p o s s i b l e  t h e  

a r r i v a l  t i m e  o f  a received s i g n a l .  

We can view t h i s  i n  t e r m s  of t h e  communication system 

modeled i n  F igu re  1. The t r a n s m i t t e d  s i g n a l  i s :  

x ( t )  = J2Et s ( t ) c o s w o t  = R e [ J E t  s ( t ) e  h t 1  

'Mannos, J . L . ,  ''A Study of  Dec i s ion  Region Rece ive r s  f o r  
t h e  Sunblazer  Space Experiment" ,  CSR T e c h n i c a l  Repor t ,  
June,  1 9 6 7 .  

2Pindyck, R. S., "Recept ion  of Di spe r sed  Barker  Codes", 
CSR Techn ica l  Report  #T-67-1,  May, 1967. 
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The random phase,  8 ,  i s  modeled by a uniform p r o b a b i l i t y  d e n s i t y ,  

as i n  F igu re  2. The random ampl i tude ,  a ,  i s  modeled by a 

Rayleigh d e n s i t y  as i n  F i g u r e  3 .  The p ropaga t ion  d e l a y  (o r  

a r r i v a l  t i m e )  , T O ,  i s  t r e a t e d  as a real  (non-random) b u t  

unknown parameter .  F i n a l l y ,  t h e  a d d i t i v e  n o i s e ,  n ( t ) ,  i s  

modeled a s  wh i t e  Gaussian w i t h  v a r i a n c e  N 0 / 2 .  The r e c e i v e d  

s i g n a l  i s  then:  
- 

r ( t )  = a42Et s ( t  - T o ) c o s ( w g t  + 8 )  + n ( t )  ( 2 )  

N o t e  t h a t  d i s p e r s i o n  has  been ignored  i n  o u r  model f o r  

t h e  channel .  W e  are i n t e r e s t e d  i n  t h e  r e c e i v e r  t h a t  i s  des igned  

t o  perform o p t i m a l l y  f o r  a d i s p e r s i o n l e s s  channel .  Later w e  

w i l l  see how t h e  performance of t h i s  r e c e i v e r  i s  a f f e c t e d  when 

d i s p e r s i o n  i s  added t o  t h e  channel .  

The communication problem c o n s i s t s  of t w o  p a r t s .  F i r s t  

w e  must d e t e c t  t h e  s i g n a l ,  i .e .  make a d e c i s i o n  as t o  whether  

or n o t  t h e  s i g n a l  i s  p r e s e n t ,  a d  t h e n  estimate t h e  s i g n a l ' s  

a r r i v a l  t i m e  as a c c u r a t e l y  as p o s s i b l e .  T o  ach ieve  b o t h  

d e t e c t i o n  and a r r i v a l  t i m e  e s t i m a t i o n  it i s  s u f f i c i e n t ,  and 

optimum, f o r  r e c e i v e r  t o  c a l c u l a t e  t h e  s q u a r e  of  t h e  c o r r e l a t i o n  

f u n c t i o n  of t h e  demodulated s i g n a l  (Ref.  7 ,  c h . 7 ) .  T h i s  

" c o r r e l a t i o n  r e c e i v e r "  i s  shown i n  F i g u r e  4 .  Its  o u t p u t  i s :  

a 2 E t  

2 
x ~ ( T )  = - R * ( T  - T O )  + n o i s e  t e r m s  ( 3 )  

H e r e  R 2 ( - r  - T O )  i s  t h e  s h i f t e d  a u t o - c o r r e l a t i o n  f u n c t i o n  of 

s ( t )  . A d e c i s i o n  a s  t o  t h e  p r e s e n c e  of t h e  s i g n a l  i s  t h e n  

made based on t h e  h e i g h t  of t h e  c e n t r a l  peak of t h e  o u t p u t ,  

and an e s t i m a t e  of T O  i s  made by l o o k i n g  a t  t h e  t i m e - p o s i t i o n  

of t h i s  c e n t r a l  peak. 
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FIGURE 5a - ELEVEN-BIT BARKER CODE 
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FIGURE 5b - CORRESPONDING AUTO-CORNLATION FUNCTION 
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D e t e c t i o n  performance depends o n l y  on t h e  peak v a l u e  of  

R ( T ) ,  i . e .  on s i g n a l  energy ,  and hence cannot  be inproved  by 

s i g n a l  coding. Coding can,  however, be b e n e f i c i a l  w i t h  r e s p e c t  

t o  e s t i m a t i n g  t h e  a r r i v a l  t i m e .  For l a r g e  s i g n a l - t o - n o i s e  

r a t i o  t h e  mean-square e s t i m a t i o n  e r r o r  i s  g iven  by: 

1 ? 

where W i s  t h e  " e f f e c t i v e "  (mean-square) bandwidth of t h e  

s i g n a l .  W e  would l i k e ,  t h e n ,  t o  have t h e  bandwidth as l a r g e  

as p o s s i b l e ;  s i n c e  t h e  peak power i s  l i m i t e d ,  w e  do t h i s  by 

coding  a long ,  low-power s i g n a l .  The e l e v e n - b i t  Barker  Code 

shown i n  F i g u r e  5 g i v e s  us  t h e  d e s i r e d  bandwidth ( and  peak 

a u t o - c o r r e l a t i o n  f u n c t i o n ) .  I f  necessa ry  t h e  s i g n a l  energy  

can be  i n c r e a s e d  (keeping  t h e  bandwidth c o n s t a n t )  by f o l d i n g  

t h e  bas ic  code on i t se l f  one o r  m o r e  t i m e s .  

B. S i g n a l  De tec t ion .  

A s  n;er;tioned! p r e v i o u s l y ,  s i g n a l  d e t e c t i o n  is  achieved  by 

l o o k i n g  a t  t h e  peak o u t p u t  of t h e  c o r r e l a t i o n  r e c e i v e r .  I f  

t h i s  peak i s  above a ce r t a in  t h r e s h o l d ,  5 ,  w e  s a y  t h a t  a s i g n a l  

i s  p r e s e n t ,  as f o r  example i n  F igu re  6 ;  o the rwise  w e  say  t h a t  

it i s  n o t  p r e s e n t .  

There  are t w o  t y p e s  of  d e t e c t i o n  errors t h a t  can occur ,  

which w e  can c a l l  " m i s s "  and ' 'false alarm". I n  t h e  case of a 

m i s s  o u r  peak c o r r e l a t i o n  o u t p u t  is  below t h e  chosen t h r e s h o l d  5 ,  

even  though t h e  s i g n a l  i s  p r e s e n t .  I n  t h e  case of  a f a l s e  a la rm,  

a peak i s  above t h e  t h r e s h o l d  though no s i g n a l  i s  p r e s e n t .  

- 7 -  
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The e r r o r  p r o b a b i l i t i e s  a r e  then: 

pM = P r  [E I s i g n a l  p r e s e n t  1 ( 5 4  

PF = P r [ & l s i g n a l  a b s e n t ]  (5b)  

P , = 1 -  ' de t ec t ion  ( 5 c )  

For a g iven  SNR w e  w i l l  have a t r ade -o f f  between PM and 

PF, 

Where w e  are on t h i s  curve  depends on o u r  c h o i c e  of t h r e s h o l d  5. 

I n  g e n e r a l ,  w e  cou ld  c a l c u l a t e  an e n t i r e  f a m i l y  of cu rves  fo r  

d i f f e r e n t  SNR t h a t  would completely d e s c r i b e  t h e  o p e r a t i o n  of 

t h e  r e c e i v e r  a s  a d e t e c t o r .  T h i s  se t  of  cu rves  ( F i g u r e  7b) 

i s  c a l l e d  t h e  " r e c e i v e r  o 2 e r a t i n g  c h a r a c t e r i s t i c "  (ROC) . 

and w e  cou ld  draw a curve  r e l a t i n g  t h e  t w o  (F igu re  7 a ) .  

The p o i n t  h e r e  i s  t h a t  ou r  c h o i c e  of S ,  i .e.  o u r  d e c i s i o n  

r u l e ,  i s  somewhat a r b i t r a r y  i n  t h a t  it depends on what k i n d  

of performance w e  d e s i r e .  For example, w e  might a s s i g n  a c e r t a i n  

cost  t o  making each t y p e  of error, and t r y  t o  minimize t h e  

ave rage  cost: 
- 
C = C ( M ) P M  -t C ( F ) P F  

H e r e  w e  would p i c k  5 so as t o  minimize c. T h i s  average  c o s t  

would t h e n  be o u r  performance measure. W e  cou ld  a l so  u s e  

t h e  t o t a l  error p r o b a b i l i t y  as o u r  performance measure, 

namely : 

P(&)  = P r [ s i g n a l  p r e s e n t ]  PM + P r [ s i g n a l  a b s e n t ]  PF ( 6 )  

W e  w i l l  be  i n t e r e s t e d  i n  t h e  s t a t i s t i c s  of t h e  peak v a l u e  of 

X2 ( T )  . Suppose t h a t  w e  cou ld  w r i t e  t h e  c o n d i t i o n a l  p r o b a b i l i t y  

d e n s i t i e s  f o r  t h i s  peak o u t p u t  g iven  t h a t  t h e  s i g n a l  i s  a b s e n t ,  

- 9 -  



F and P and g iven  t h a t  t h e  s i g n a l  i s  p r e s e n t  ( F i g u r e  8 ) .  pM 

cou ld  then  be found by i n t e g r a t i n g  t h e  d e n s i t i e s  ove r  t h e  

r e g i o n s  i n d i c a t e d .  For a g iven  SNR w e  would t h e n  have PM 

and PF both a s  a f u n c t i o n  of 5, and cou ld  t h e n  o b t a i n  P M 

i n  t e r m s  of P as d e s i r e d .  W e  l e a v e  t h e s e  c a l c u l a t i o n s  

f o r  c h a p t e r s  I1 and 111. 

F 

C. Objec t ives .  

Our main g o a l  i s  t o  de termine  how t h e  t o t a l  p r o b a b i l i t y  

of  e r r o r ,  P(€.), changes as  w e  vary  some of  t h e  d i f f e r e n t  

parameters  t h a t  c h a r a c t e r i z e  t h e  communication system. I n  

t h e  n e x t  two c h a p t e r s  w e  w i l l  examine t h e  optimum r e c e i v e r  

(optimum f o r  random-phase, random ampl i tude ,  d i s p e r s i o n - f r e e  

channe l )  and d e r i v e  t h e  s t a t i s t i c s  f o r  t h e  c o r r e l a t i o n  o u t p u t .  

Th i s  w i l l  t hen  e n a b l e  us  t o  c a l c u l a t e  an e x p r e s s i o n  f o r  t h e  

t o t a l  p r o b a b i l i t y  of error .  

and how i t  f i t s  i n t o  t h e  communication problem. A t  t h a t  p o i n t  

w e  w i l l  be a b l e  t o  c a l c u l a t e  t h e  R O C ' S ,  and see how P(C) changes 

as a f u n c t i o n  of  f o u r  pa rame te r s - s igna l - to -no i se  r a t i o ,  t h e  

" d i s p e r s i o n  r a t i o "  

t h e  a p r i o r i  p r o b a b i l i t y  t h a t  t h e  s i g n a l  is p r e s e n t ,  and t h e  

t i m e  T t h a t  t h e  c o r r e l a t i o n  r e c e i v e r  ' 'misses"  t h e  main peak 

( t h e r e  are only  a f i n i t e  number of c o r r e l a t i o n  modules) .  

T h i s  should  g i v e  us a good i d e a  of how w e  c a n  e x p e c t  t h i s  

communication s y s t e m  t o  perform. 

Next w e  w i l l  d i s c u s s  d i s p e r s i o n  

( j u s t  a conven ien t  measure of d i s p e r s i o n )  , 

- 1 0  - 
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11. THE OPTIMUM RECEIVER 

A s  w e  have s e e n  b e f o r e ,  o u r  r e c e i v e r  makes a d e c i s i o n  as 

t o  whether or n o t  a s i g n a l  i s  p r e s e n t  by comparing t h e  peak 

of t h e  c o r r e l a t i o n  o u t p u t  t o  a pre-determined t h r e s h o l d .  I n  

t h i s  c h a p t e r  w e  w i l l  d i s c u s s  how t o  select  t h e  t h r e s h o l d  so as 

t o  make our  r e c e i v e r  "optimum". 

d e f i n i t i o n  of t h e  optimum r e c e i v e r ;  namely, t h a t  r e c e i v e r  

which m i n i m i z e s  t h e  Bayes R i s k .  To f i n d  t h e  t h r e s h o l d  which 

does t h i s  w e  need o n l y  e v a l u a t e  t h e  e x p r e s s i o n  f o r  t h e  l i k e l i h o o d  

r a t i o  test .  T o  do t h i s ,  however, w e  must f i r s t  d e r i v e  t h e  

s t a t i s t i c s  f o r  X 2 ,  t h e  c o r r e l a t i o n  o u t p u t .  F i n a l l y ,  w e  w i l l  

f i n d  t h e  t h r e s h o l d  t h a t  minimizes t h e  t o t a l  p r o b a b i l i t y  of 

error ( a  s p e c i a l  case) by s e t t i n g  t h e  error costs bo th  e q u a l  

t o  one. 

We w i l l  beg in  w i t h  a g e n e r a l  

A. The S t a t i s t i c s  f o r  X2. 

Refe r r ing  t o  F i g u r e  4 ,  w e  see t h a t  a f t e r  demodulat ion 

( i .e .  a f t e r  low-pass f i l t e r i n g )  w e  have i n  t h e  s i n e  and c o s i n e  

channels  of t h e  c o r r e l a t i o n  receiver: 

rc ( t )  = aJiT s ( t  - -ro)cose + n ( t)  
C 

Rewri t ing e q u a t i o n  7 and expanding t h e  s i g n a l  i n  an orthonorinal 

expansion:  

S O  = 0 since w e  have n o i s e  as one of t h e  t w o  p o s s i b l e  "messages" 3 

- 12 - 



we have the vector equations 

I 

, 

Here R(T) is the normalized autocorrelation function of s(t) , 

i.e. R ( 0 )  = 1; and T is the amount of time by which the receiver 

misses the main peak (due, of course, to the finite number of 

correlators) . 

Case 1 - signal present: 

When the signal is present, we have 

'r ,r (~lg!signal, e ,  a) = 
-c -s 

But n and n are Gaussian, so 
-C -S 

(E,gJsignal, e ,  a) =- Pr ,r -c -s 

a, and gs = 6 ,  our sufficient ;?ow note that when rc = - - 
statistic (correlation output) is given by: 

Substituting (8) into (11) for the case when the signal is 

present: 

~2 = (adGOSOR(r) + nC)2 + (adQineR(7) + ns)2 ( 1 2 )  

- 1 3  - 



Since nc is Gaussian, 

and mean aJposeR(T). Similarly, ( S O B )  - -  is also Gaussian with 

variance N O / ~  and mean adqineR(T). 

squares of two Gaussian random variables. 

( s e a )  - is also Gaussian with variance N o / 2  

Thus X2 is the sum of the 

If z 1  is N(ml,a2) and z2 is N(m2,a2), and z = z :  + z ; ,  then 

the probability density for z is (Ref. 4 ,  pps. 32-33): 

where m = 

function. 

m: + m:, and Io( ) is the zero-order modified Bessel 

In our case m = aJrR(-c) and a 2  = N0/2. t Substituting this 

into ( 1 3 )  gives: 

px2 ( Z  I signal) = 

Xow this must be averaged over the Rayleigh density for a: 

We have , 

A -A2/2y2 px2 (Z Isignal) a = px2 ( Z  I signal) 
A= 0 

- 14 - 



Io  (x )  can be expres sed  i n  terms of  t h e  series 

t h e n  ( 1 7 )  becomes 

I n t e r c h a n g i n g  t h e  i n t e g r a l  and summation i n  (20): 

m 
e 

k=O 

T h i s  i n t e g r a l  can be s o l v e d  by a s t r a i g h t - f o r w a r d  s u b s t i t u t i o n ,  

and t h e  above e x p r e s s i o n  becomes: 

1 k! m -z/N~ Z E ~ R ~  ( T )  e 

k=O N o  Y '[ N t  Ik  (k!)' 2Gk+' 

S u b s t i t u t i n g  ( 2 1 )  i n t o  (241, m u l t i p l y i n g  o u t  t e r m s ,  and 

t h e n  recombining ,  w e  g e t  as t h e  p r o b a b i l i t y  d e n s i t y  f o r  X 2  

- 15 - 



g iven  a s i g n a l  i s  p r e s e n t :  

1 --Z/NoC ; ZLO 
NOC" 

pX2 ( Z  I s i g n a l )  a = 

where C = 2 ( E t / N 0 ) y 2 R 2  ( T )  + 1 

(25) 

(26) 

Lase 2 - s i g n a l  a b s e n t :  

Xhen t h e r e  i s  no s i g n a l  p r e s e n t ,  w e  have: 

Following a s i m i l a r  d e r i v a t i o n  ( t h i s  t i m e  t h e  Gaussian random 

v a r i a b l e s  are  zero-mean) w e  f i n d  t h a t :  

B. The Decis ion Rule. 

W e  d e f i n e  t h e  optimum r e c e i v e r  as t h a t  which minimizes 

t h e  r i s k ,  R ,  g iven  by 

1 1  

I n  o u r  case, of c o u r s e ,  message 1 i s  t h e  Barker  code,  and 

message 0 i s  no s i g n a l ,  i . e .  o n l y  n o i s e .  P i s  t h e  a p r i o r i  

p r o b a b i l i t y  t h a t  message j w a s  s e n t ,  and C i j  i s  t h e  "cost"  

of  s ay ing  t h a t  i w a s  s e n t  when a c t u a l l y  j w a s  s e n t .  I t  i s  

e a s y  t o  show (Ref.  6 ,  ch. 1) t h a t  f o r  o u r  b i n a r y  case t h e  

d e c i s i o n  r u l e  t h a t  m i n i m i z e s  t h i s  r i s k  i s  t h e  l i k e l i h o o d -  

r a t i o  t es t  g iven  by: 

j 



choose 

lI? c -  x * = z  < 

s i g n a l  

= 5 0  
> P O ( C l 0  - C o o )  

- p ( ~ l n o  s i g n a l )  < P d C O l  - C 1 1 )  

px2 ( Z  I s i g n a l )  
A ( r )  = 

choose X 

-. 

) = 5  p l ( c o l  - C l l  

no i se  

- s i g n a l  P O ( C l 0  - C o o )  > 
< P l ( C 0 l  - C 1 1 )  - < o  

1 ( C - l ) Z / N o C  
C = - e  

n o i s e  

( 3 2 )  

L. -1 n o i s e  

T h i s ,  t h e n ,  d e f i n e s  ou r  optimum r e c e i v e r .  We simply compare 

t h e  o u t p u t  s t a t i s t i c  X 2  t o  t h e  t h r e s h o l d  5 g iven  by equa t ion  

32. 

C. The Threshold  t h a t  M i n i m i z e s  t h e  T o t a l  P r o b a b i l i t y  of E r r o r .  

I f  w e  r ecogn ize  t h a t  ( E t / N 0 ) y 2  i s  t h e  average r ece ived  

SNR,  i .e .  



t h e n  w e  can rewrite e q u a t i o n  26 as 

'r C = 2- R 2 ( ~ )  + 1 
NO 

N o w  w e  d e f i n e  

Er A = 1/(2- + 1) 
NO 

( 3 4 )  

(35) 

and 

Then i f  T = 0 ( w e  s e t  t h e  t h r e s h o l d  under t h e  assumption t h a t  

w e  w i l l  no t  m i s s  t h e  ma.in peak,  so t h a t  R = l), w e  have 

1 N O C  _ -  1 C = A,  and - - c-1 i3 

and 

s i g n a l  
x 2  ' < 0 [ : l A ( M ) ] =  R ' 

n o i s e  

To minimize t h e  t o t a l  p r o b a b i l i t y  of e r r o r  w e  s i m p l y  se t  

and 

COl  = c,o = 1 

The d e c i s i o n  r u l e  i s  t h e n  

PO 
s i g n a l  

noise 
- r ,  1 -1n- - 

< €3 P I A  
> 

X 2  

- 1 8  - 
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111. PERFORMANCE OF THE OPTIMUM RECEIVER 

I n  t h i s  c h a p t e r  w e  w i l l  i n t e g r a t e  t h e  p r o b a b i l i t y  

d e n s i t i e s  f o r  x2 t h a t  w e r e  de r ived  i n  S e c t i o n  I I - A  t o  f i n d  

e x p r e s s i o n s  f o r  t h e  error p r o b a b i l i t i e s  PM and PF i n  terms 

of t h e  t h r e s h o l d  5 .  Then w e  w i l l  be  a b l e  t o  o b t a i n  e x p r e s s i o n s  

f o r  t h e  ROC (PM v s .  PF) and t h e  t o t a l  p r o b a b i l i t y  of e r r o r ,  

P ( E ) .  F i n a l l y ,  w e  w i l l  examine t h e  phenomenon of "receiver 

guessing"- i .e .  w e  w i l l  f i n d  t h a t  under c e r t a i n  c o n d i t i o n s  

I?(&) w i l l  be smaller i f  we simply make a guess  (based on t h e  

a p r i o r i  knowledcje) as t o  t h e  s i g n a l ' s  p re sence ,  w i thou t  even 

look ing  a t  t h e  c o r r e l a t i o n  o u t p u t  X 2 .  

A. The E r r o r  P r o b a b i l i t i e s  PM and PF, and the ROC. 

R e f e r r i n g  Sack t o  F i g u r e  8 ,  w e  see t h a t  t o  f i n d  PM w e  

must i n t e g r a t e  t h e  c o n d i t i o n a l  d e n s i t y  f o r  X 2  g iven  a s i g n a l  

i s  p r e s e n t  from ze ro  t o  5 .  

0 

= 1 - e  - < / N o C  

- 1 9  - 



S i m i l a r l y ,  

r m  
pF = 

px2 ( Z  Ino s,gnal)  dZ 

5 

T o  f i n d  an e x p r e s s i o n  f o r  t h e  ROC, we simply e l i m i n a t e  

5 t o  give PM as a f u n c t i o n  of  PF. 

I n  PF = -</NO ( 4 3 )  

( 4 4 )  

( 4 5 )  

B. The To ta l  P r o b a b i l i t y  of E r ro r .  

If P l  is  t h e  a p r i o r i  p r o b a b i l i t y  t h a t  t h e  s i g n a l  i s  p r e s e n t ,  

and P o  i s  t h e  a p r i o r i  p r o b a b i l i t y  t h a t  it i s  a b s e n t ,  t h e n  

P ( E )  = P l o p M  + P0'PF ( 4 6 )  

W e  found i n  S e c t i o n  11-C t h a t  t h e  t h r e s h o l d  which minimizes P ( c )  i s  

- 2 0  - 



1 PO 
= -1n- B P I A  

PF = e '</NO 

O r  d e f i n i n g  

1 D = l / B N O  = 1 + 
2 (Er/NO) 

g i v e s  

PF = (;)-D 

S i m i l a r l y ,  

O r ,  u s i n g  t h e  same d e f i n i t i o n  for D ,  

-D/C 
I?M = 1 - [$) 

(48)  

( 4 9 )  

S u b s t i t u t i n g  ( 4 9 )  and (51)  i n t o  ( 4 6 )  g i v e s :  
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C. Receiver Guessing. 

N o t e  t h a t  t h e  t h r e s h o l d  5 i s  a f u n c t i o n  of b o t h  t h e  SNR 

and t h e  a p r i o r i  p r o b a b i l i t i e s  P O  and P , .  Hence, as  t h e s e  

parameters  change, so t o  w i l l  tne d e s i r e d  t h r e s h o l d  va ry  

between t h e  l i m i t s  o f  zero and i n f i n i t y .  However, if w e  look  

back a t  ou r  e x p r e s s i o n  f o r  t h e  t h r e s h o l d  ( E q .  3 8 ) ,  w e  see 

t h a t  it becomes n e g a t i v e  when P O / P I A  becomes less t h a n  one. 

A n e g a t i v e  t h r e s h o l d  i s ,  of c o u r s e ,  p h y s i c a l l y  imposs ib l e .  

The e x p l a n a t i o n  f o r  t h i s  l i e s  i n  t h e  f a c t  t h a t  when P o / P ~ A  

i s  less than  one,  o u r  d e c i s i o n  r u l e  i s  no l o n g e r  optimum. 

Indeed,  i n  t h i s  case w e  can do b e t t e r  ( i . e .  a c h i e v e  a lower 

P (e)) simply by making a guess  based  on Po and P1 ,  and i g n o r i n g  

t h e  '8ata" ( i . e .  X2). T a k e ,  f o r  example,  t h e  extreme case of 

P1 = 1 (and Po = 1 - P1 = 01, i .e .  we are c e r t a i n  t h a t  t h e  

s i g n a l  i s  p r e s e n t  w i t h o u t  even look ing  a t  t h e  c o r r e l a t i o n  

r e c e i v e r ,  and t h e  p r o b a b i l i t y  of  e r r o r  i s  t h e r e f o r e  ze ro .  

However, i f  w e  s e t  P O  = 0 and P l  = 1 i n  Equat ion  5 2 ,  t h i s  

r e s u l t s  i n  P ( & )  = 1. C l e a r l y ,  w e  w i l l  do b e t t e r  by s imply 

"guess ing"  (1.e. say ing  t h a t  t h e  s i g n a l  i s  p r e s e n t  w i t h o u t  

l ook ing  a t  X2). 

W e  account  f o r  t h i s  phenomenon by modifying t h e  d e c i s i o n  

r u l e  as fo l lows .  When P O / P l A  2 1, w e b a s e  o u r  d e c i s i o n  on 

- 22  - 



t h e  t h r e s h o l d  of  Equat ion 38 as before  ( t h e  t h r e s h o l d  r eaches  

I D = 1 + 1 / 2 ( E  / N o )  r 

I C = 2(Er/L10) R2 ( T )  + 1 

zero  when P O / P I A  = 1). B u t  when P o / P , A  < 1, w e  base  our 

d e c i s i o n  e n t i r e l y  on t h e  a p r i o r i  knowledge. 

O u r  f i n a l  expres s ion  f o r  t h e  t o t a l  p r o b a b i l i t y  of  error 

i s  t h e r e f o r e :  

PO 
rp0(;)-D + P,  - P, ' 0  (53a) 

P ( I )  = 

Po = 1 - P, 
'. 

w i  t n  

S i n c e  P o  = 1 - P I ,  the point a t  which w e  begin  guess ing  

W e  g u e s s  depends on two parameters :  P I  arid t h e  S N R  ( E r / N o ) .  

when 

1 - P ,  

P l  
[ 2 ( E r / N o )  + 1 1  < 1 

2P1 + 2 P i  (Er/T.dO) > 2 ( E r / N o )  + I. 

( 5 4 )  

( 5 5 )  



J 

0 
m 

0 
m 

0 
cv 

0 
rl 

0 



d 

( 5 6 )  

1 

Equation 56 i s  p l o t t e d  i n  Figure 9 .  The shaded region i n d i c a t e s  

thDse values  f o r  P I  and t h e  SNR for which guessing would improve 

t h e  performance. 
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Y 

I V .  DISPERSION 

The r e c e p t i o n  scheme t h a t  h a s  Seen d e s c r i b e d  i n  t h e  

f i r s t  t h r e e  c h a p t e r s  does n o t  t a k e  i n t o  accoun t  t h e  d i s p e r s i v e  

e f f e c t  of t h e  plasma. The r e c e i v e d  s i g n a l  w i l l ,  i n  f a c t ,  

be  a c o r r u p t e d  v e r s i o n  o f  t h e  s i g n a l  t h a t  w a s  e x p e c t e d  when 

t h e  optimum r e c e i v e r  w a s  des igned ,  and t h e  per formance  of t h e  

r e c e i v e r  w i l l  be degraded.  A l s o ,  it i s  d i f f i c u l t  t o  compensate 

f o r  t h e  e f f e c t  b e f o r e  hand by changin5  t h e  r e c e i v e r  d e s i g n ,  

s i n c e  t h e  deg ree  o f  d i s p e r s i o n  w i l l  change w i t h  t i m e  and w i l l  

o f t e n  be u n p r e d i c t a b l e .  

The d i s p e r s i o n  problem, p a r t i c u l a r l y  as  i t  a p p l i e s  t o  

S u n b l a z e r ,  h a s  been examined f a i r l y  tho rough ly  i n  Ref. 5. 

What f o l l o w s  i n  t h i s  c h a p t e r  i s  s imply  an o u t l i n e  of  t h a t  

work, s t r e s s i n g ,  o f  c o u r s e ,  i t s  r e s u l t s .  

Suppose now t h a t  o u r  r e c e i v e d  s i g n a l  i s  g i v e n  n o t  by 

Equa t ion  2 b u t  r a t h e r  i s  of  t h e  form 

where d ( t )  , t h e  d i s p e r s e d  v e r s i o n  of s(t) , can be complex, i .e .  

d ( t )  = d r ( t )  + j d i ( t )  

I f  w e  t r a c e  t h i s  t h rough  t h e  c o r r e l a t i o n  r e c e i v e r  of F i g u r e  4, 

w e  f i n d  t h a t  o u r  o u t p u t  s t a t i s t i c  i s  now 

- 26 - 



where Rds i s  t h e  c r o s s - c o r r e l a t i o n  f u n c t i o r  of t h e  d i s p e r s e d  

and uridispersed s i g n a l s .  

Note t.kiat t h e  s t a t i s t i c s  of t h e  s i t u a t i o n  have n o t  changed. 

Dispers ion  i s  an energy-conserving process. 

d i s p e r s e d  s i g n a l  i s  e q u i v a l e n t  t o  r e c e i v i n g  an undispersed  

s i g n a l  b u t  c o r r e l a t i n g  i t  ( i n  t h e  r e c e i v e r )  a g a i n s t  a d i s p e r s e d  

s i g n a l .  For t h i s  r eason ,  t hen ,  t o  f i n d  t h e  error  p r o b a b i l i t i e s  

f o r  t h e  d i s p e r s e d  case, w e  need on ly  s u b s t i t u t e  Rds( -c)  f o r  

R ( T )  i n  equa t ion  26. 

Receiving a 

The problem, then ,  b o i l s  down t o  a c t u a l l y  computing t h e  

T o  do t h i s  w e  f i r s t  need cross-correlation f u n c t i o n  Rds(?! .  

a convenient  r e p r e s e n t a t i o n  of t h e  d i s p e r s e d  signal. .  This  i s  

o b t a i n e d  by expanding t h e  phase of  t h e  s i g n a l ,  $(a), i n  a 

Taylor  series t o  t h r e e  t e r m s .  Only t h e  r e s u l t  i s  given here 

( f o r  t h e  d e r i v a t i o n  see R e f .  5 ,  pps.  3 3 - 3 9 ) :  

r m  

where w o  i s  t h e  c e n t e r  frequency. This  equa t ion  i s  based on 

s e v e r a l  assumptions,  namely t h a t  s ( t )  i s  quasi-monochromatic, 

t h e  a t t e n u a t i o n  does n o t  vary much wi th  r e s p e c t  t o  w, t h e  

Taylor  expansion of $ ( w )  e x i s t s  and h ighe r  o r d e r  t e r m s  i n  t h e  

expansion can be neg lec t ed ,  and f i n a l l y  t h e  assumption t h a t  

w o  > >  1; i .e .  l a r g e  d i s p e r s i o n .  /p ' ( W L ' )  
J n  

A l l  of t h e s e  assumptions w e r e  t e s t e d  (Ref. 5 ,  pps. 3 9 - 4 6 )  and 

found t o  ho ld  f o r  t h e  Sunblazer  experiment.  
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Note that the amount of dispersion is related to $ " ( w g ) -  

A good measure of the apount of dispersion is the"dispersion 

time" given by 

If we now evaluate the cross-correlation function we find 

it to be 

J -m 

We are only interested in the magnitude of this function, 

namely , 

Finally, if s(t) is a binary signal(e.g. a Barker Code) 

with baud length (elementary pulse wi,;th) T ,  then it can be 

shown (Ref. 5 pps. 48-50) that the degree of corruption caused 

by dispersion depends only on the dispersion ratio, B = T ~ / T .  

In other words, the shape (ignoring scaling) of lRds ( I )  1 
depends only on the dispersion ratio 6. 

This function has been Computed in the case of eleven-bit 

Barker Code for several differG?k values of a (Ref. 5 ,  ch IV) . 
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V. RESULTS 

This  c h a p t e r  p r e s e n t s  t h e  computat ional  r e s u l t s  f o r  t h e  

numerical  c a l c u l a t i o n  of t h e  ROC'S and t h e  t o t a l  p r o b a b i l i t y  

of  error curves f c r  t h e  case of t h e  e l even-b i t  Barker Code. 

The P(&) curves  are p l o t t e l t  a s  f u n c t i o n s  of t h e  f o u r  system 

parameters  0 ( d i s p e r s i o n  r a t i o ) ,  T ( m i s s  t i m e ) ,  P (a  p r i o r i  

p r o b a b i l i t y  of  s i g n a l  p r e s e n t ) ,  and SNR. 

A .  Computational Methods. 

A good p a r t  of t h e  computations were performed us ing  t h e  

MAP (Mathematical  Analys is  Program) system through Compatible 

T i m e  Shar ing  on t h e  IBM 7 0 9 4  computer. MAP r e p l a c e s  t h e  normal  

procedures  of  programming wi th  d i r e c t  command-response i n t e r -  

change between t h e  u s e r  and t h e  computer, and makes a v a i l a b l e  

a l a r g e  number of u s e f u l  sub rou t ines  (e .g .  f o r  curve p l o t t i n g ) .  

For  a d e t a i l e d d e s c r i p t i o n o f  t h e  system, t h e  r e a d e r  i s  r e f e r r e d  

t o  t h e  MAP manual (Ref. 3 ) .  

Two problems wi th  MAP i n  i t s  p r e s e n t  form a r e  t h e  l i m i t e d  

number of t h i n g s  t h a t  it can do (e .g .  i t  cannot  handle  a r r a y s  

o f  t w o  o r  m o r e  d imens ions) ,  and t h e  l a r g e  amounts of computer 

t i m e  t h a t  it uses .  I t  w a s  t h e r e f o r e  found necessary  o r  advantageous 

t o  w r i t e  programs i n  MAD, us ing  MAP s u b r o u t i n e s ,  f o r  t h e  computation 

of  t h e  d i f f e r e n t  P ( & )  cu rves ,  and t h e n e x e c u t e  t h e  programs w i t h i n  

MAP u s i n g  MAP commands. 
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B. Ca lcu la t ion  of t h e  R O C ' s .  

The f i r s t  MAD program i n  Appendix B c a l c u l a t e s ,  f o r  

equa t ion  4 5 ,  t h e  R O C ' s  f o r  d i f f e r e n t  s igna l - to -no i se  r a t i o .  

I n  t h i s  case R = 1; i .e .  t h e  r e c e i v e r  p i n p o i n t s  t h e  main 

peak e x a c t l y  and t h e r e  i s  no d i s p e r s i o n .  Th i s  s e t  of curves  

g i v e s  t h e  most g e n e r a l  d e s c r i p t i o n  of  r e c e i v e r  performance for  

"optimum" cond i t ions  ( i . e .  f o r  T = 0 and B = 0 ) .  

By f i x i n g  t h e  S N R  and reading  i n  v a l u e s  of R as d a t a  

c a r d s ,  t h e  program w i l l  compute and p l o t  t h e  R O C ' s  f o r  d i f f e r e n t  

va lues  of  B .  The proper  va lues  of R f o r  d i f f e r e n t  B are 

computed by ano the r  MAD program (CORREL) .  

The R O C ' s  appear  on t h e  n e x t  f o u r  pages. Observe t h a t  

f o r  low S N R  (.2) performance i s  so poor t h a t  i t  ha rd ly  even 

ma t t e r s  how much d i s p e r s i o n  t h e r e  is .  

C. C a l c u l a t i o n  of t he  T o t a l  T r o b a b i l i t y  of E r r o r  Curves. 

Although the  R O C ' s  p rovide  t h e  m o s t  g e n e r a l  d e s c r i p t i o n  

of r e c e i v e r  performance, t h e  t o t a l  p r o b a b i l i t y  of error i s  

o f t e n  a more meaningful and unders tandable  performance measure. 

For t h i s  reason an abundance of P ( & )  curves  have been computed 

as func t ions  of t h e  f o u r  system parameters  d e s c r i b e d  ear l ie r .  

A l l  of  t h e  P ( & )  curves  come from Equat ion 53 ,  hence t h e y  

d e s c r i b e  t h e  performance of t h e  r e c e i v e r  whose d e c i s i o n  r u l e  

( t h r e s h o l d )  was determined under t h e  assumptions of no 

d i s p e r s i o n  and an i n f i n i t e  number of c o r r e l a t q r s  ( r e s u l t i n g  

i n  zero  m i s s  t i m e ) - i . e .  t h e  assumption t h a t  R = 1. T h i s ,  i n  
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S N R  = 0 . 2 ,  T = 0 for  all cases 
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1: E = 1/2 
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fac t ,  w a s  how t h e  "optimum receiver'' w a s  de f ined  (Chapter 11). 

I n  e f f e c t ,  t hen ,  t h e s e  curves  show t h e  s e n s i t i v i t y  of t h e  

optimum r e c e i v e r  t o  d i s p e r s i o n  and t o  a non-zero m i s s  t i m e .  

A s  i s  e v i d e n t  from t h e  r e s u l t s  which fo l low,  receiver performance 

can be degraded q u i t e  s e v e r e l y  by t h e s e  e f f e c t s ,  i n  f a c t  s o m e -  

t i m e s  t o  t h e  p o i n t  where t h e  p r o b a b i l i t y  of error  can be reduced 

by simply making a guess  based on t h e  a p r i o r i  knowledge. I n  

t h e  n e x t  c h a p t e r  w e  w i l l  d i s c u s s  how t h e  optimum r e c e i v e r  could 

be re-designed ( i .e .  how t o  p ick  a new t h r e s h o l d )  if indeed 

w e  knew beforehand what t h e  d i s p e r s i o n  and m i s s  t i m e  would be. 

One parameter  t h a t  can change d r a s t i c a l l y  dur ing  t h e  

Sunblazer  mission i s  P ,  t h e  a p r i o r i  p r o b a b i l i t y  t h a t  t h e  

s i g n a l  i s  p r e s e n t .  When t h e  s a t e l l i t e  i s  being t r acked  (which 

hope fu l ly  would be m o s t  of t h e  t i m e )  P w i l l  be l a r g e  ( . 9  o r  . 9 5 ) ,  

b u t  i f  t h e  s a t e l l i t e  i s  " los t "  w e  would have no a p r i o r i  know- 

ledge  and P would be .5. 

A MAD program w a s  w r i t t e n  (TPE-see Appendix) t o  c a l c u l a t e  

t h e  t o t a l  p r o b a b i l i t y  of e r r o r  as  a func t ion  of P f o r  d i f f e r e n t  

amounts of d i s p e r s i o n  and d i f f e r e n t  s igna l - to -no i se  r a t io .  

P l o t s  w e r e  made us ing  t h e  MAP s y s t e m  and appear on t h e  fo l lowing  

pages.  The v e r t i c a l  l i n e  segments on each of  t h e s e  p l o t s  

r e p r e s e n t s  r eg ions  of r e c e i v e r  guessing-i.e. p o i n t s  f o r  which 

(1 - P ) / P A  < 1, t h e  t h r e s h o l d  has reached zero ,  and w e  au tomat i ca l ly  

say  t h a t  t h e  s i g n a l  i s  p r e s e n t .  But n o t e  t h a t  i f  t h e  l i n e  

segment i s  extended upward, and the  d i s p e r s i o n  i s  l a r g e ,  i t  

runs  below p a r t  of t h e  P(G) curve. Again, t h i s  i s  because t h e  

t h r e s h o l d  w a s  p icked  under t h e  assumption there would be no 
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d i s p e r s i o n ,  and hence i s  no longer  optimum when d i s p e r s i o n  i s  

I in t roduced .  Note a l s o  t h a t  t h e  peaks of t h e s e  curves  ( e s p e c i a l l y  

f o r  l a r g e  S N R )  f a l l  n o t  a t  P = .5 b u t  a t  s o m e  l a r g e r  v a l u e  of 

P. This  should  n o t  be s u r p r i s i n g ,  however, i f  one remembers 

t h a t  PM and PF have q u i t e  d i f f e r e n t  p r o b a b i l i t y  d e n s i t i e s  t h a t  
I 

a Bayesian Risk curve ,  and there i s  no reason  f o r  a Bayesian 

I Risk curve t o  be symmetric i f  i t s  com2osite d e n s i t i e s  are 
I 

d i f f e r e n t .  

T o  c a l c u l a t e  P(&) as a func t ion  o f  t h e  d i s p e r s i o n  r a t i o  

6 ,  it i s  f i r s t  necessary  t o  calculate  Z ( 6 ) ,  t h e  peak c o r r e l a t o r  

I o u t p u t  as a f u n c t i o n  of 6. The program t o  do t h i s  (CORREL) 
I 
I 

w a s  w r i t t e n  us ing  Equat ion 6 3 ,  and a p l o t  of t h e  r e s u l t s  

follow. Note t h a t  t h i s  curve i s  n o t  monotonical ly  dec reas ing .  

The reason  f o r  t h i s  i s  t h a t  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  of 
I 

~ 

I an e l e v e n - b i t  Barker Code has  s i d e  lobes  which are negat ive .  

Hence, as t h e  d i s p e r s i o n  i n c r e a s e s  and t h e  i n d i v i d u a l  l obes  

sp read  o u t  f u r t h e r  and f u r t h e r ,  t h e  side lobes  w i l l  s u b t r a c t  

f r o m  t h e  main lobe  i n  a p e r i o d i c  f a sh ion .  
1 

I T o  go from Z ( 6 ) t o  a p l o t  of P ( & )  as a f u n c t i o n  of B could 

be done us ing  only  MAP commands. The r e s u l t s  of those  c a l c u l a t i o n s  

f o l l o w .  

The p l o t s  of  P ( & )  a s  a func t ion  of S N R  w e r e  c a l c u l a t e d  

(PESNR)  f o r  d i f f e r e n t  va lues  of 5 ,  and f o r  t h e  t h r e e  cases 

P = .5 ,  - 9 ,  and .95. Note, f o r  example, how, i n  t h e  c a s e  of 

P = - 9 ,  when t h e  h o r i z o n t a l  l i n e  segment r e p r e s t i n g  r e c e i v e r  

1 

- 39 - 





- 41 - 



f 

. . .  !: .3j .-.__...; ......... 1 ......... i ......... i ......... t.... ..... i ....... -i- ......... i...-.--..4....-.-.-- 

... ....- 

.I 

.. ........ ....... ......... ........ ......... . . . .  ..i :.: ......... i ....... ..: : .......... :.. :. 

i P+.9 i . ......... - 1 :  

( j j  ...-.... ; 
!i 

..................................................................... . . . .  ab. ; 
0.01' b ........................................................ . .  

* .  

I' 3 

- 4 2  - 



- 4 3  - 



- 4 4  - 



SNR 

NR: P = .95, T = 0 

- 45 - 



.\ 
.I- ..... . .. ... . ._ 

s 
SNR 

P(&) VS SNR: P = .95, T = 0 

- 4 6  - 



guessing i s  extended t o  t h e  r i g h t  it f a l l s  w e l l  below t h e  P ( & )  

curves f o r  non-zero d ispers ion .  T h e  case  of P = .95 w a s  

r e -p lo t t ed  on a semi-log graph w i t h  a l a r g e r  range of SNR t o  

show how as t h e  SNR i n c r e a s e s ,  t he  P ( G )  fo r  t h e  d ispersed  

case even tua l ly  s lopes  back downward t o  f a l l  below t h e  l i n e  

f o r  guessing. 

For t h e  case of no d i spe r s ion ,  p l o t s  of P (&)  a s  a 

func t ion  of t h e  m i s s  t i m e  T could be c a l c u l a t e d  d i r e c t l y  

from t h e  a u t o c o r r e l a t i o n  func t ion  of t h e  Barker Code (with 

MAD program PETT). For non-zero d i spe r s ion  it was necessary 

f i r s t  t o  c a l c u l a t e  t h e  c ros s -co r re l a t ion  func t ion  of t h e  

d i spe r sed  and undispersed B a r k e r  Code (pulse  width of 20psec) 

from Equation 6 3  (MAD program CRSCOR; a l s o  see Ref. 5 ) .  Then 

a second MAD program (PETTY) could be executed t o  ob ta in  t h e  

d e s i r e d  r e s u l t  of P ( & )  vs. T. 

Again, no te  t h a t  whenever t h e  a p r i o r i  knowledge i s  high 

( i .e .  P = .9  o r  . 9 5 ) ,  t h e  r e s u l t i n g  P ( E )  i s  l a r g e r  than  t h e  

P(&) t h a t  would be obtained by guessing (which i s  l-P) . 

Also, n o t e  t h a t  i n  t h e  d ispersed  cases ,  t h e  curve f o r  B = 1 

may f a l l  below t h e  curve f o r  B = 0 (as T i nc reases )  and t h e n  

rise above t h e  curve f o r  B = 2.  The reason f o r  t h i s  i s  simply 

t h a t  t h e  c ros s -co r re l a t ion  funct ion changes i t s  shape q u i t e  

d r a s t i c a l l y  a s  t h e  d i spe r s ion  increases .  For c e r t a i n  va lues  

of T t h e  c ros s -co r re l a t ion  funct ion may be l a r g e r  f o r  B = 1 

then  f o r  = 0 ;  i n  f a c t  t h i s  i s  l i k e l y  t o  be t h e  case s i n c e  

a s  B i n c r e a s e s  t h e  func t ion  becomes less h ighly  peaked-i.e. 

t h e  main peak spreads o u t .  I n  e f f e c t  then ,  when t h e  d i spe r s ion  
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i s  l a r g e  t h e  r e c e i v e r  w i l l  be  less s e n s i t i v e  t o  a l a r g e  

m i s s  t i m e .  Hence, if t h e  S N R  i s  h igh ,  and t h e r e  are n o t  

many c o r r e l a t o r s  i n  t h e  receiver, it can even be advantageous 

f o r  t h e  medium t o  be d i s p e r s i v e .  

e x p e c t  t o  have enough correlators so t h a t  t h i s  would never  

be t h e  case: none the le s s ,  t h e  phenomenon i s  i n t e r e s t i n g  i n  

i t s e l f .  

O f  course  w e  would c e r t a i n l y  



V I .  CONCLUSIONS AND SUGGESTIONS FOR FURTHER WORK 

The r e s u l t s  of t h e  previous c h a p t e r  showed t o  a good degree  

of accuracy how, f o r  an e l even-b i t  Barker  Code,the performance 

of t h e  optimum receiver i s  a f f e c t e d  by changing f o u r  parameters  

of t h e  system. W e  found t h a t  f o r  h igh  d i s p e r s i o n  o r  m i s s  t i m e ,  

i .e .  f o r  cases when R ( T )  w a s  s i g n i f i c a n t l y  less than  u n i t y ,  t h e  

r e c e i v e r  d i d  n o t  i n  f a c t  perform op t ima l ly .  That  i s ,  w e  found 

t h a t  t h e  t o t a l  p r o b a b i l i t y  of error w a s  h i g h e r  t han  it would 

have been i f  w e  had "guessed",  i .e.  i f  w e  had au tomat i ca l ly  

s a id  t h a t  t h e  s i g n a l  w a s  p r e s e n t  wi thout  even looking  a t  t h e  

c o r r e l a t i o n  ou tpu t .  This  was p a r t i c u l a r l y  t r u e  i f  t h e  a 

p r i o r i  p r o b a b i l i t y  t h a t  t h e  s i g n a l  i s  p r e s e n t  w a s  h igh  (and 

hence t h e  P(C) r e s u l t i n g  from guessing w a s  l o w ) .  

These r e s u l t s  are due, of course ,  t o  t h e  f a c t  t h a t  w e  

des igned  t h e  receiver (p icked  t h e  t h r e s h o l d )  under t h e  

assumption of ze ro  d i s p e r s i o n  and ze ro  m i s s  t i m e ,  i .e .  under 

t h e  assumption t h a t  R ( T )  = 1 (which i s  how w e  went from Equat ion 

32 t o  Equat ion 37) .  L e t  us assume €or t h e  moment t h a t  w e  

could  know ahead of  t i m e  what t h e  d i s p e r s i o n  and m i s s  t i m e  would 

be. It  i s  t h e n  easy  t o  see how w e  cou ld  revise t h e  t h r e s h o l d  

so t h a t  it would aga in  be optimum i n  minimizing t h e  t o t a l  

p r o b a b i l i t y  o f  error. I f  w e  se t  COO = C11 = 0 and Clo = Col = 1 

i n  Equat ion 3 2 ,  w e  would have f o r  t h e  th re sho ld :  

f 1 
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w i t h  
E 

C = 2 r R 2 ( ~ )  + 1 
NO 

as i n  Equa t ion  3 4 .  

As C(l - P ) / P  became s m a l l e r  ( app roach ing  one )  t h e  threshold 

5 would approach z e r o .  F i n a l l y ,  f o r  c (1  - P ) / P  5 1, t h e  th reshold  

would remain a t  zero and  w e  would a lways  s a y  t h a t  t h e  s j -gna l  i s  

p r e s e n t  ( i . e .  " g u e s s " ) ,  t h u s  g i v i n g  a t o t a l  p r o b a b i l i t y  of error 

o f  1 - P. O f  c o u r s e  t h i s  r e g i o n  o f  receiver g u e s s i n g  would b e  

d i f f e r e n t  t h a n  i t  w a s  b e f o r e .  Whereas b e f o r e  t h e  g u e s s i n g  r e g i o n  

depended o n l y  on P and t h e  SNR (as  i n  F i g u r e  9 ) ,  it now depends  

a l so  on B and T .  R e m e m b e r  t h a t  w e  want t o  g u e s s  whenever 

-D/C 
(1 - P ) ( l P i  P r D  + P - P ( l P i  p) - > l - P  

which o c c u r s  whenever 

C ( 1  - P ) / P  1 

or 

o r  

( 6 5 )  

( 6 6 )  

2 f (1 - P) 
NO 

R * ( I ) ,  however, i s  u s u a l l y  a r a the r  c o m p l i c a t e d  f a n c t i o n  of 

B and T .  None the le s s ,  assuming t h a t  w e  c o u l d  w r i t e  R 2  a n a l y t i c a l l y  

i n  t e r m s  of 6 and T ,  w e  c o u l d  d e t e r m i n e  t h e  r e g i o n  :in 4-space 
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( coord i rAa tes  are P ,  SNR, T, B )  i n  which t h e  t h r e s h o l d  would be 

z e r o  and w e  would guess .  S i n c e  t h e  t h r e s h o l d  would now be 

de te rmined  by Bquat ion  6 4 ,  t h e  r e c e i v e r  would a g a i n  be optimum. 

With a l a r g e  enough number of c o r r e l a t o r s ,  T can  be made 

close enough t o  zero so as t o  be n e g l i g i b l e .  Fo r  a f i x e d  p u l s e  

w i d t h  and carr ier  f r equency ,  however, B i s  beyond o u r  c o n t r o l .  

Fur thermore ,  B i s  g e n e r a l l y  somewhat u n p r e d i c t a b l e ,  p a r t i c u l a r l y  

when it i s  l a r g e  enough t o  be s i g n i f i c a n t .  For  t h i s  r e a s o n  

Equa t ion  6 4  i s  r a t h e r  l i m i t e d  i n  u s e f u l n e s s ,  and w e  would s t i l l  

p i c k  t h e  t h r e s h o l d  as b e f o r e  from Equa t ion  38. 

? . T A L  L Y U ~ S  t h a t  w e  have s t u d i e d  t h e  r e c e i v e r  performance f o r  a 

r ange  o f  S N R ,  B ,  and T t h a t  d e p i c t  ra ther  bad o p e r a t i n g  c o n d i t i o n s .  

W e  would hope t h a t  f o r  t h e  a c t u a l  S u n b l a z e r  m i s s i o n  T would be 

v e r y  s m a l l ,  and t h a t  a t  l eas t  most of  t h e  t i m e  6 would be s m a l l  

and t h e  S N R  would be  l a r g e .  These c o n d i t i o n s  would y i e l d  r a the r  

s m a l l  p r o b a b i l i t i e s  of  error, w h i c h  of c o u r s e  i s  wha t  w e  d e s i r e .  

However these c o n d i t i o n s ,  as d e s i r a b l e  as t h e y  are,  are n o t  v e r y  

i n t e r e s t i n g  t o  look  a t .  I t  i s  more i n t e r e s t i n g ,  and m o r e  reward- 

i n g ,  t o  s t u d y  t h e  r e c e i v e r  performance as it w i l l  be when con- 

d i t i o n s  are a t  t h e i r  worr-t ( e . y .  around t h e  t i m e  of  c o n j u n c t i o n ) .  

T h i s  was t h e  r e a s o n  f o r  choosing t h e  v a l u e s  of t h e  sys tem p a r a m e t e r s  

t h a t  w e  d i d .  

T h i s  work, a l t h o u g h  complete i n  i t s e l f ,  does  s u g g e s t  o t h e r  

problems worthy of  i n v e s t i g a t i o n .  The f i r s t  of  these i s  a 

per formance  a n a l y s i s ,  a long  t h e  l i n e s  of  t h e  one p r e s e n t e d  i n  

t h i s  p a p e r ,  f o r  t h e  t w o  s i g n a l  and n o i s e  case. W e  would l i k e  
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t o  g e t  more i n f o r m a t i o n  from t h e  S u n b l a z e r  expe r imen t  t h a n  

j u s t  t h e  e l e c t r o n  d e n s i t y  of t h e  ex tended  corona .  

there i s  a c e r t a i n  amount of t e l e m e t r y  da t a  t h a t  w e  would l i k e  

t o  t r a n s m i t ,  as w e l l  as t h e  p o s s i b i l i t y  of  o t h e r  on-board 

expe r imen t s .  One r e a s o n a b l e  way of do ing  t h i s  i s  t o  send  one 

of t w o  p o s s i b l e  s i g n a l s  ( e .g .  a forward  and backward Barke r  

Code) which  would be r e l a t i v e l y  o r t h o g o n a l  t o  each o t h e r .  There  

are now three  p o s s i b l e  "messages" t o  choose from-no s i g n a l ,  

s i g n a l  1, and s i g n a l  2 .  A per formance  a n a l y s i s  would c e r t a i n l y  

be i n  o r d e r  f o r  t h i s  scheme. 

For  example,  

T h i s  e n t i r e  communication scheme de2ends on t h e  a s sumpt ion  

t h a t  t h e  phase  of t h e  s i g n a l  w i l l  remain r e l a t i v e l y  c o n s t a n t  

o v e r  i t s  d u r a t i o n .  S i n c e  t h e r e  i s  now good r e a s o n  t o  s u s p e c t  

t h a t  t h i s  w i l l  n o t  be t h e  case, it is  l i k e l y  t h a t  a be t te r  

communication scheme f o r  S u n b l a z e r  i s  t o  t r a n s m i t  an ampl i tude -  

modulated s i g n a l ,  and r e c e i v e  it v i a  enve lope  d e t e c t i o n .  The 

per formance  of  t h i s  scheme w i l l  a l s o  depend on such  sys t em 

p a r a m e t e r s  a s  P ,  T ,  6 ,  and S N R .  E x a c t l y  how it depends on these 

p a r a m e t e r s  s h o u l d  c e r t a i n l y  be de te rmined .  
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V I I .  APPENDICES 

A. Another Der iva t ion  of t h e  Minimum P(&) Threshold.  

I n  Chapter  I1 w e  found t h e  t h r e s h o l d  t h a t  minimized t h e  

t o t a l  p r o b a b i l i t y  of error by e v a l u a t i n g  t h e  l i k e l i h o o d - r a t i o  

test .  W e  can g e t  t h e  same r e s u l t  simply by w r i t i n g  P ( € )  as 

a f u n c t i o n  of 5,  d i f f e r e n t i a t i n g  wi th  r e s p e c t  t o  5 ,  and s e t t i n g  

e q u a l  t o  z e r o .  

.- 

I 

I 
I Using e q u a t i o n s  40 and 42, 

i - 5 / N 0  
I P ( & )  = P I  - P l e  - S / N o C  + poe  
l 

Again, when R = 1, then  C = 1 / A  and 0 = 1 / B ,  and 

as  b e f o r e  ( E q .  3 8 ) .  

B. Computer Programs. 

The fo l lowing  pages con ta in  t h e  MAD programs used t o  
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compute the ROC'S and P ( & )  curves of Chapter V. The last 

page contains a sample command-response exchange in MAP for  

the calculation of some P(&l curves. 
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MAD 0 7 / 2 8  1 4 1 8 . 7  
~ 

TPE 

DIMENS I ON PE( 200) ,AR(  2 0 0 )  
INTEGER K,MINP,MAXP 
EX E CUTE RANG E . ( !$ P*  S , M I N P , MAX P, D E L P 1 
SN=VALIJE . ( $ S N * $ )  
Z=VALrlE. ( $ Z * $ )  
n=1+ 1/ 2 *SN 
A = l / ( 2 * S N + 1 )  
C=2*SN*Z*Z+1  
THROUGH ALPHA, FOR K=MINP,l,K.G.MAXP 
P=DELP*K 
A R ( K - M I  N P ) = P * A / ( I - P )  
WHENEVER AR(K-MINP) .GE. l . ,  TRANSFER TO BETA 
PE ( K-M I N P ) = (  1- P )  *AR ( K-M I NP) . P. D-P*AR ( K-M I NP) . P . ( D / C  +P 
TRANSFER TO ALPHA 

PE(K-MI  N P ) = l - P  
TRANSFER TO ALPHA 

PR I NT RESULTS SN, Z 
EXECIJTE OIJT. (SPE(  P I * $ ,  PE,MI NP,MAXP, D E L P )  
EXECUTE CHNCOM. 

BETA CONT I NIJE 

ALPHA CONT I NIJE 

END OF PROGRAM 
R 1 . 0 8 3 + . 3 0 0  

CORREL MAD 0 7 / 1 2  1 5 2 3 . 2  

CALC 

D I M E N S I O N  R ( 1 0 0 0 ) , Y ( 1 0 0 0 ) , C ( 1 0 0 0 ~ , S ( 1 0 0 0 )  
INTEGER MINV,MAXV,J,I,MINT,MAXT 
EXECUTE IN .  ( $ R ( V ) * $ , R , M I N V , M A X V , D E L V )  
EXECUTE RANGE.($T*$,MINT,MAXT,DELT) 
THROUGH SAiF1,FOR J=MINT,l,J.G.MAXT 
T = J * D E L T  
TOS=T, P. 2 
I NTEGA-0 
I NTEGR=O 
THROIJGH CALC,FOR I =MI NV,l, I .G.MAXV 
V=DELV* I 
ARG=1.5708*(V) .P .2 /TOS 
I N T E G A = I N T E G A + R ( I - M I N V ) * C O S . ( A R G )  
INTEGB=INTEGR+R(I-MINV)*SIN.(ARG) 
CONTINUE 
Y ( J - M I N T ) = .  70711*SQRT.  ( P E L V .  P. 2 * (  1NTEGA.P. 2+1  NTEGB.P.2) /TOS)  

SAM CONT I NUE 
EXECIJTE OIJT. ( $ Y  ( T I  *$, Y,MI NT,MAXT, D E L T )  
EXECIJTE CHNCOM. 
END OF PROGRAM 

R 1 . 1 6 6 + . 4 0 0  
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PESNR MAD 0 7 / 2 8  1 4 4 1 . 4  

D I M E N S I O N  PR(2O~),AR(200),C(200~,D(200) 
I NTEGEP K, 11 I NSN, FIAXSN 
E X E CI IT  E R AtJ G E . ( S S N * S I  t 1 I NS fJ , MAX S 14, D E LS N 1 
Z=VALIJE. ( $ Z * $ )  
P = V A L I I E . ( $ P * $ )  
THROtlGH ALPHA, FOR K=t4 I NSrl, 1, K G. MAXS!J 
S N = D E LS F!* K 
A B (  K-MI  IJSI! ) = P /  ( ( 2*SN+1)  * ( 1 - P )  1 
WHENEVER AR(K-FI1 NSN) .GE. 1.0,TRANSFER TO BETA 
C ( K-M I NSll = 2 *SI4 * Z  * Z +  1 
I7 ( K-M I NS N 1 =1+ 1 / ? * SFI 
PR ( K-M I NSN ) = ( 1 - P ) *Al: ( 1:-M I flSN 1 . P. n ( K-M I NSN ) + P- P*AP, ( K -  
: lM INSN) .P . (n (E - t . l I  r lS l J ) /C (K- f l I t JS rJ ) )  
TRANSFER TO ALPPA 

PR ( K-M I NS I J )  =1- P 
PETA CONT I NIJE 

ALPHA CONT I NIJE 

EXECl lTE CHNCOM. 
F r w  OF P R O W A V  

R 1.733+.400 

PETT MAD 08/11 1617.3 

DIMEPJSION C(1000) ,PA (1000) ,RR (ICOO) 
INTEGER K ,MINV,PAXV 
E X E C U T E  IN (SRR (VI*$ ,ER ,191 NV ,HAXV, ELVI 
SN =VALUE . (S3i*S) 
P =VALUE . ($P*S> 
A=l/(2SN+1) 
D =1+1/(2SN 
THRCLGH ALPHA ,FOR K 31INV, 1 , K.G .WXV 
AE=F*A/(I -PI 
WHENENER AB .GE. 1 .O, lRANSFER To BETA 
C(K - M I N V I  Z*SNMR (K-MICJV) .P .2+1 

lRANSFl3 XI ALPHA 
PA aC 4 1  !*I\!) =( 1 4' 1 * (AB .P .Dl +P 4'* (AE .P ( 3X: (K -HI NV) 1 1 

EETA mPJTINLIE 

A LPHA GNTI :JE 
PA (K *I NV) =1 -P 

PRINT RESULTS SN,P 
MECUTE OUT. ( P A  (V>*$,PA,MINV,MAXV,DELV) 
MECUTE CHEJCCM. 
END OF PROGRAM 

Ti 1.35Ot.2GGt.COC 
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msccr! MAD 68/17 2229.0 

EXECUTE R A ffi E . ( ST*$, F1I NT , k X T  , k L T  1 
TO =VALUE. (STo*$) 
Tos =To .P 02 
THROUGH UOPA, FCR J=MINT,l,J&.MC\XT 
T=SMELT 
INTEEAa 
I NTffiB S 
THROEH LOOPB, FDR I =NINV,I ,I . ~ . r ~ ~ x v  
v =DELV*I 
ARG =I 57e&r:(v+n .P . 2 m s  
INlEGA = I NTEZA-M (I-MINV)%OS, (ARG ) 
INTEGBZ I NTEGB-M (I-MINV)&IN. (ARG) 
Y (J-MI NT) =.7671 l*SQnT. (DELV.P .2* (I N1EJ;A.P .2+1 NTEGE .P .2) /TOS 1 
EXECUTE OUT. (SY (T>*S,Y ,MINT,M9XT,DRT> 
EXECUTE CHNCCM. 
END OF PROGRAM 

UOPB 
LOOPA 

R 1 . 16@+.383+.0@6 

PETTY WAC fW21 2233.3 

MECUTE CHNCCH. 
Dl3 CF PRCGRAPI 

? .733+.21 G+.CC6 
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EDIT: 
f f l e  proh 

a:PMAND PLEASE 
EXECUTE PESNR 
3EC. VALUE CF CONSTANT 
DEC. VALE OF CCiJSTANT 

z =  

CCMMNI! PLEASE 
EXECUTE FESNR 
DEC. VALUE OF CONSTANT 

z =  

(DIvBrlANI! PLEASE 
CELETE Z 

a!)tvrvlAND PLEASE 
MECLTE PESNR 
DEC. VALUE OF CCXTAIJT 

z =  

2 PLEASE. 
P PLEASE. 

1.000000, 

Z PLEASE. 

. 671 000, 

z PLEASE. 

.324000, 

1. 
09 

. 671 

,324 

P =  .9oocoo 

P =  . 9ococo 

P =  .9coooc 
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